In this paper, we give refinements of some inequalities for generalized monotone functions by using log-convexity of some functionals.
Introduction
Let us denote
We consider the following theorem of Heinig and Maligranda. 
If  ≤ p < ∞, then the inequality () holds in the reversed direction.
We consider positive real valued functions f , g defined on an interval (a, b), -∞ ≤ a < b ≤ ∞. We say that f is C-decreasing (C-increasing), C ≥ , if f (x) ≤ Cf (y) (f (y) ≤ Cf (x)) whenever y ≤ x, y, x ∈ (a, b). Now, throughout the paper, f is nonnegative and g is a positive function. Some extensions of Theorem . were obtained in [] as follows. http://www.journalofinequalitiesandapplications.com/content/2012/1/301
(a) If f is C-decreasing and g is increasing and differentiable such that g(a + ) = , then
If f is C-increasing and g is increasing and differentiable such that g(a + ) = , then
If f is C-increasing and g is decreasing and differentiable such that g(b -) = , then
If f is C-decreasing and g is decreasing and differentiable such that g(b -) = , then
As a special case, we consider C-monotone functions with respect to power functions.
Main results
In this paper, we prove some improvements and refinements of the above results by using the log-convexity method [] . We consider the following theorem.
If f is C-decreasing and g is increasing and differentiable such that g(a + ) = , then
If f is C-increasing and g is increasing and differentiable such that g(a + ) = , then 
and
If the condition p >  is replaced by  < p < , then all the inequalities ()-() hold in the reversed direction.
We consider the following functionals.
(M  ) Under the assumptions of Theorem .(a), we define a linear functional as
(M  ) Under the assumptions of Theorem .(b), we define a linear functional as
(M  ) Under the assumptions of Theorem .(c), we define a linear functional as
. http://www.journalofinequalitiesandapplications.com/content/2012/1/301 (M  ) Under the assumptions of Theorem .(d), we define a linear functional as
Remark . Under the assumptions of Theorem . with φ as a convex function, the linear functionals L i (φ) ≥  for i = , . . . , .
We will consider the classical method from [] (see also [] and the references given in it) to prove the log-convexity of the functionals defined as above by considering a convex function defined in the following lemma.
Lemma . Let a family of functions φ
Using functions defined in Lemma ., we get
We will prove the log-convexity and related results for functionals L i , i = , . . . , . 
Proof (a) Suppose that i = , . . . ,  is arbitrary. We shall use the idea from [, Theorem ]. Let us consider the function defined by
where r = p+q  , u, w ∈ R. We have
and therefore we get (). (b) Since L i is continuous, so it is log-convex. Therefore, () is valid too.
Since i was taken to be arbitrary, so the above results hold for all i = , . . . , .
Corollary . If s > , p < q < r (p, q, r ∈ R + ) and p, q, r = s, then the following inequalities hold:
(   ) http://www.journalofinequalitiesandapplications.com/content/2012/1/301
Since s > , so p/s < q/s < r/s. Also, for f is C-decreasing, f s is C s -decreasing. We make
, and r → r/s in (). We get
After simplification, we get (). Similarly, for i = , , , we get ()-() respectively.
Remark . From the inequalities ()-() for (q < s),
we get the refinement for inequalities obtained from Theorem . and reversion when (q > s). Of course, we can get such refinement and reversions in all other cases for p, s and r, s.
for any x > , the following inequality holds:
for any x ≥ , the following inequality holds:
Proof (a) It is a simple consequence of Corollary .. Since f ∈ Q α  (C), by making substi- 
holds for i = , . . . , .
Proof Fix i = , . . . , .
Since φ is continuous on [, a], it attains its maximum and minimum value on [, a] . Let m = min x∈ [,a] φ (x) and M = max x∈ [,a] φ (x) .
Let us consider functions
Clearly,
so F  , F  are convex functions. Also, F  () =  = F  (). Hence, from Theorem . for F  and F  respectively, it follows
Combining () and (), we get
Since φ is continuous, there exists ξ i ∈ [, a] such that () holds and the proof is complete. http://www.journalofinequalitiesandapplications.com/content/2012/1/301
holds for i = , . . . , , provided that denominators are nonzero.
where c  and c  are defined by c  = L i (ψ) and c  = L i (φ). Now, from Theorem . for the function L, it follows
Since for () the denominators are nonzero, we have
. ,  be linear functionals defined by (M  )-(M  ). For distinct positive real numbers l and r different from one, there exists
Proof Taking φ(x) = x l and ψ(x) = x r in (), for distinct positive real numbers l and r different from one, we obtain (). 
Cauchy means
In this section we deduce Cauchy means from Theorem .. Suppose that φ /ψ has inverse. Then () gives
We conclude that the expression on the right-hand side of the above equation is also a mean. For r, l ∈ R + , we define the Cauchy means ), l = r = s. 
